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Q.1  (1) Define nowhere dense set. Show that a subset A of a topological space is 

nowhere dense if and only if every non-empty open set has a non-empty 

open subset disjoint from A. 

 

(2) Show that every second countable space is first countable. 

 

(3) Define separable space. Prove that every separable metric space is 

second countable. 

 

OR 

 

(1) Define dense set and nowhere dense set. Show that a subset of a 

topological space is dense if and only if it intersects every non-empty 

open set. 

 

(2) Define closure of a set. Show that a set A is closed if and only if 𝐴 = 𝐴. 

Also, deduce that 𝐴 ∪ 𝐵 = 𝐴 ∪ 𝐵. Is 𝐴 ∩ 𝐵 = 𝐴 ∩ 𝐵 ? justify. 

 

(3) Let X be a topological space and A be the subset of X then prove that: 

(i) 𝐴𝑐 = [𝐼𝑛𝑡 (𝐴)]𝑐 

(ii) A is closed if and only if 𝐷 (𝐴) ⊂  𝐴. 

7 

 

 

 

7 

 

6 

 

 

 

 

7 

 

 

 

7 

 

 

6 



 

1901001101030001  [2 of 3]  

 

 

Q.2  (1) Prove that every closed and bounded subspace of the real line is 

compact. 

 

(2) Let X1 and X2 be two topological spaces. Show that the product 

topology on 𝑋 =  𝑋1  ×  𝑋2 is the weak topology generated by 

projections. 

 

(3) Define compact space. Show that a continuous real function 𝑓 defined 

on a compact space X attains its infimum and its supremum. 

 

OR 

 

(1) State finite intersection property. If a topological space X is compact 

then prove that every class of closed sets with finite intersection 

property has non empty intersection. 

 

(2) Prove that any continuous mapping of a compact metric space into a 

metric space is uniformly continuous. 

 

(3) Define countably compact space. Prove that a second countable space is 

countably compact if and only if it is compact. 
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Q.3  (1) State and prove Tychonoff's theorem. 

 

(2) Prove that every compact metric space has the Bolzano-Weierstrass 

property. 

 

(3) Define Lebesgue number. Prove that every sequentially compact metric 

space is compact. 

 

OR 

 

(1) Prove that a completely regular space is regular.  

  

(2) Define normal space. Show that a closed subspace of a normal space is 

normal. 

 

(3) Prove that a topological space is a T1 space if and only if each point is a 

closed set. 
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Q.4  (1) Prove that the product of any non-empty class of connected space is 

connected. 

 

(2) Let X be a topological space. If {Ai} is a non-empty class of connected 

subspace of X such that ⋂ 𝐴𝑖𝑖  is non-empty, then prove that 𝐴 = 𝑈𝑖𝐴𝑖 is 

also connected subspace of X. 

 

(3) Prove that the closure of connected set is connected. 

 

OR 

 

(1) Prove that the product of any non-empty class of locally connected 

space is locally connected. 

 

(2) Show that Rn and Cn are connected. 

 

(3) Define locally connected space. Let X be a locally connected space. If Y 

is an open subspace of X, show that each component of Y is open in X. 

In particular, each component of X is open. 
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Q.5 (1) Show that a compact locally connected space has a finite number of 

components. 

 

(2) Prove that the topological space X is locally connected if the 

components of every open subspace of X are open in X. 

 

(3) Prove that a subspace of a real line R is connected if and only if it is an 

interval. 

 

OR 

 

(1) Prove that the product of any non-empty class of totally disconnected 

space is disconnected. 

 

(2) Define component of a topological space and show that each component 

of a topological space is closed. 

 

(3) Prove that the topological space X is locally connected if the 

components of every open subspace of X are open in X. 
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